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Let C be a smooth, geometrically connected, projective curve of
genus g  2 deﬁned over Fq . Here we follow a recent paper of
Savin and study the parameters (size, dimension, minimal distance)
of algebraic codes constructed using vector bundles E on C . We
need to construct vector bundles deﬁned over Fq and with certain
numerical invariants (degree, rank h0(C, E), order of 1-stability).
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1. Introduction
Let C be a smooth, geometrically connected, projective curve of genus g  2 deﬁned over Fq .
Let K be any ﬁnite ﬁeld containing Fq . Let E be a vector bundle on C deﬁned over Fq . Set
μ(E) := deg(E)/rank(E). We will say that E is almost stable over K (respectively over Fq) if either
rank(E) = 1 or μ(L) < μ(E) for every rank 1 subsheaf L of E deﬁned over K (respectively over Fq).
If we use the inequality μ(L)μ(E) instead of the strict inequality, then we get the deﬁnition of al-
most semistable vector bundles over K or over Fq . Our deﬁnition is similar to the one in [7]: a vector
bundle deﬁned over Fq is almost semistable over Fq if and only if it is weakly stable in the sense
of [7]. For the applications, the work of Savin is essential: [7] contains a decoding algorithm and
bounds for the minimum distance of the associated code. The code is obtained by ﬁxing n distinct
points P1, . . . , Pn and evaluating H0(C, E) at these points. A rank 2 vector bundle is almost stable
(respectively almost semistable) if and only if it is stable (respectively semistable). For rank r  3 this
is not true. A key point of [7] is that to get a good lower bound for the minimum distance of an al-
gebraic code constructed using E it is suﬃcient to assume that E is almost stable or, with weaker
bounds, almost semistable. If a vector bundle is deﬁned over K and it is almost stable over K , then
it is almost stable over K . However, the converse is not always true (see Example 1). Under suitable
conditions (see Theorem 4 below) the code constructed from E has size qh
0(C,E) . Hence it would be
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i.e. with large h1(C, E). In the next theorem we show that this is possible, if we assume something
about the special line bundles on C deﬁned over Fq . Roughly speaking, Theorems 1 and 2 reduce the
existence for all ranks r  2 to the existence in the rank 1 case, the so-called Brill–Noether theory.
Theorem 1. Assume C(Fq) = ∅. Fix integers r,d,ai,k, 1 i  r, such that r  2, ai > 0, k > 0 and d rk+1.
Assume the existence of r degree k line bundles Li , 1 i  r, on C deﬁned over Fq, pairwise non-isomorphic
over Fq, and such that h0(C, Li) ai for all i. Then there is a vector bundle E on C deﬁned over Fq and almost
stable over Fq such that deg(E) = d, rank(E) = r, and h0(C, E) a1 + · · · + ar .
Theorem 2. Fix integers r,d,a,k such that r  2, a > 0, k > 0 and d  rk + r + 1. Assume (C(Fq)) r and
the existence of a degree k line bundle L on C deﬁned over Fq such that h0(C, L)  a. Then there is a vector
bundle E on C deﬁned over Fq, almost stable over Fq such that deg(E) = d, rank(E) = r, and h0(C, E) ra.
If C is hyperelliptic, then in Theorem 2 we may take k = a = 2.
Next we will consider the following measure of almost stability. Let E be a rank r  2 vector bun-
dle on C deﬁned over K . Let deg1,K (E) be the maximal integer t such that there are a degree t line
bundle L on C deﬁned over K and an inclusion L ↪→ E deﬁned over K . Set deg1(E) := deg1,Fq (E).
Set s1,K (E) := deg(E) − r · deg1,K (E). Obviously, s1,K ≡ deg(E) (mod r). Notice that s1,K (E) > 0 (re-
spectively s1,K (E)  0) if and only if E is almost stable (respectively almost semistable) over K .
Set s1(E) := s1,Fq (E). The integer s1(E) will be called the 1-order of stability of E . Notice that
s1,K (E ⊗ R) = s1,K (E) for every line bundle R on C deﬁned over K . A theorem of C. Segre and M. Na-
gata says that s1(E) g if r = 2 [5]. For r  3, there is a similar upper bound [4, Remark 3.14] and a
discussion of the set of all vector bundles on C with ﬁxed rank, degree and 1-order of stability [1,6].
All the quoted results are over an algebraically closed ﬁeld K with char(K) = 0. Weaker results are
known over any algebraically closed ﬁeld, but the main open question is the realization of a certain
triple of integers (rank(E),deg(E), s1,Fq (E)) with a vector bundle E deﬁned over Fq and not only over
a ﬁnite extension of Fq . We will prove the following result.
Theorem 3. Assume C(Fq) = ∅. Fix integers r,d, s such that there is a vector bundle E on C deﬁned over Fq
such that rank(E) = r, deg(E) = d and s1,Fq (E) = s. Then there are vector bundles F ,G on C deﬁned over Fq
such that rank(F ) = rank(G) = r, deg(F ) = d + 1, deg(G) = d − 1, s1,Fq (F ) = s + 1 − r, s1,Fq (G) = s − 1,
h0(C, F ) h0(C, E), and h0(C,G) h0(C, E) − 1.
Theorem 3 implies that the set of all triples (r,d, s) realized over Fq has no gap, with the only
restriction s ≡ d (mod r), which must be always satisﬁed. Now ﬁx an integer n > 0 and assume
(C(Fq))  n. Fix an ordered n-ple of distinct points P1, . . . , Pn of C(Fq). For any vector bundle E
on C deﬁned over Fq let E˜ denote the code constructed in [7] by evaluating the vector space H0(C, E)
at P1, . . . , Pn . The order of 1-stability allows us to improve parts (a), (b), and (c) of [7, Theorem 6] in
the following way.
Theorem 4. Let E be a vector bundle on C deﬁned over Fq. Set e := deg(E), r := rank(E), and s := s1,Fq (E).
Let d be the minimum distance of the code E˜ and k its dimension. Assume n > (e − s)/r. Then:
(a) The evaluation map is injective, i.e. the code E˜ has size qh
0(C,E) .
(b) d n− (e − s)/r.
(c) k = h0(C; E)/r  e/r + 1− g.
We omit the proof, because it is just the one given in [7] (hint: the deﬁnition of the integer
s1,Fq (E) says that no non-zero section of E vanishes at more than (e − s)/n points of C ). We stated
the result only to show how to use the 1-order of stability.
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Remark 1. Let A, B BE vector bundles on C . Then
deg1(A ⊕ B) = max
{
deg1(A),deg1(B)
}
.
Proposition 1. Assume C(Fq) = ∅. Fix integers r,d such that r > 0. Then there exists a vector bundle E on C
deﬁned over Fq, almost stable over Fq, with rank(E) = r and deg(E) = d.
Proof. Let A be a rank r vector bundle with degree d. If d/r = Z, then E is almost stable over a ﬁeld K
if and only if it is almost semistable over K . Thus [7, Proposition 10] prove Proposition 1 if d/r = Z.
Hence it is suﬃcient to do the case d = cr with c ∈ Z. We may also assume r  2. First assume r = 2.
Jump to the proof of Theorem 1 and take k := c−1 in part (b) of the proof of Theorem 1. Now assume
r  3 and that Proposition 1 is true for all ranks < r. By the inductive assumption there exists a vector
bundle F on C deﬁned over Fq , almost stable over Fq , with rank(F ) = r−1 and deg(F ) = (r−1)c+1.
Since C(Fq) = ∅, there is a degree c − 1 line bundle L on C deﬁned over Fq . Set E := F ⊕ L and use
Remark 1. 
Fix P ∈ C(Fq) and a rank r vector bundle G deﬁned over Fq . Hence A := G|{P } is an r-dimensional
Fq-vector space. For any f ∈ A∗ deﬁned over G|{P } there is a unique linear surjection φ : A → Fq .
φ deﬁnes a surjection ψ from G onto the skyscraper sheaf OP . Since ψ is deﬁned over Fq , the
sheaf Ker(ψ) is deﬁned over Fq . Since C is a smooth curve, Ker(ψ) is a rank r vector bundle
and deg(Ker(ψ)) = deg(G) − 1. We will say that Ker(ψ) is obtained from G making a negative Fq-
elementary transformation supported by P . Let M be a vector bundle on C . We will say that M is
obtained from G making a positive Fq-elementary transformation supported by P if M∗ is obtained
from G∗ making a negative Fq-elementary transformation supported by P . If this is the case, then
M is deﬁned over Fq , rank(M) = r, and deg(M) = deg(G) + 1.
Proof of Theorem 1. Fix P ∈ C(Fq). Set F :=⊕ri=1 Li . and W := F |{P }. F is semistable over Fq and
any destabilizing factor of F is a direct sum of some of the line bundles Li . Since deg(Li) = k for all i,
F has exactly r rank 1 subsheaves with degree k. Since the line bundles Li , 1  i  r, are pairwise
non-isomorphic, W contains r distinguished 1-dimensional linear subspaces Li |{P }. Any positive Fq-
elementary transformation supported by P is associated to a unique non-zero one-dimensional linear
subspace of W deﬁned over Fq . Let A be any vector bundle obtained from F making d − rk positive
Fq-elementary transformations supported by points of C(Fq). Hence rank(A) = r and deg(A) = d.
Since A contains F , h0(C, A) h0(C, F ) a1 +· · ·+ar . Hence it is suﬃcient to ﬁnd A as above, which
is almost stable over Fq .
(a) Here we assume rk < d < r(k + 1). However, in part (a) we will prove only the case d = rk + 1
of Theorem 1. Let G be any line bundle obtained from F making d− rk positive Fq-elementary trans-
formations supported by P . Hence rank(G) = r, deg(G) = d and G is deﬁned over Fq . G is not almost
stable over Fq if and only if the extension GFq over Fq has a rank 1 subsheaf R deﬁned over Fq
and such that deg(R)  k + 1. Now we assume d = rk + 1. For any rank 1 subsheaf R of G , either
deg(R ∩ G) = deg(R) − 1 or R is a subsheaf of F . Assume deg(R)  k + 1. Since L1, . . . , Lr are the
unique rank 1 subsheaves of F with degree  k we get R∩ F = Li for some i ∈ {1, . . . , r} and R∩ F = R .
Hence there is i ∈ {1, . . . , r} such that Li is not saturated in G . Li is not saturated in G if and only
if G is associated to the one-dimensional linear subspace Li |{P }. Since W has (qr − 1)/(q − 1) > r
one-dimensional linear subspaces deﬁned over Fq , we may avoid this case.
(b) Here we assume r = 2 and d = 2k + 2. By part (a) there is an almost stable (and hence stable)
vector bundle M obtained from F making a positive Fq-elementary transformation supported by P .
First Claim. Assume the non-existence of Q 1, Q 2 ∈ C such that L2 ⊗ L∗1 ∼=OC (Q 1 − Q 2). Then L1 and L2
are the only rank 1 subsheaves of M with degree  k.
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Set R ′ := R ∩ F , where we see F = L1 ⊕ L2 as a subsheaf of M . Since L1 and L2 are not isomorphic,
they are the only rank 1 subsheaves of F with degree k. Hence we may assume R ′ := R ∩ F = R .
Hence R ′ ∼= R(−P ). Let π1 : F → L1 and π2 : F → L2 be the projections. Since R(−P ) is a subsheaf
of F , πi(R ′) = 0 for at least one index i ∈ {1,2}, say π1(R) = 0. If π2(R) = 0, then R ′ ⊂ L1 ⊕{0}. Since
L1 is saturated in M , we get R = R ′ , contradiction. Hence πi(R) = 0 for all i ∈ {1,2}. Thus there are
Q i ∈ C such that R ′ ∼= L1(−Q 1) ∼= L2(−Q 2). Hence L2 ⊗ L∗1 ∼=OC (Q 1 − Q 2). 
Second Claim. Assume the existence of Q 1, Q 2 ∈ C such that L2 ⊗ L∗1 ∼=OC (Q 1 − Q 2). If C is not hyperel-
liptic, then M has at most 3 rank 1 subsheaves with degree  k.
Proof. We use the notation of the proof of the First Claim. Since L1 and L2 are not isomorphic,
Q 1 = Q 2. To prove the Second Claim it is suﬃcient to prove that there is a unique R ′ and a unique
inclusion R ′ ↪→ F . This is the case if and only if there are no (A1, A2) ∈ C × C such that (A1, A2) =
(Q 1, Q 2) and L2 ⊗ L∗1 ∼= OC (A1 − A2). Assume the existence of (A1, A2) with, say, A1 = Q 1. HenceOC (Q 1 + A2) ∼=OC (Q 2 + A1). Since L1 and L2 are not isomorphic, A1 = A2 and Q 2 = Q 1. Hence the
effective divisors Q 1 + A2 and Q 2 + A1 are different. Thus OC (Q 1 + A2) is a g12 on C . Hence C is
hyperelliptic, contradiction. 
Third Claim. Assume C hyperelliptic. Then we may ﬁnd M such that it has at most 3 degree k line
subbundles.
Proof. By the First Claim we may assume the existence of Q i ∈ C , i = 1,2, such that L2 ⊗ L∗1 ∼=OC (Q 1 − Q 2). In this case the degree k − 1 line bundle R ′ introduced in the proof of the Second
Claim is unique, but (over Fq) it has inﬁnitely many different inclusions into F . Since M is obtained
from F making a positive elementary transformation, each embedding of R ′ gives isomorphic rank k
one subbundles of M: each of them is isomorphic to R ′(P ). Since M is a decomposable, M has at most
one line subbundle isomorphic to R ′(P ) ([5, Lemma 2.1] which does not require the characteristic zero
assumption). 
In characteristic zero a weak form of the three claims is true for any rank 2 stable vector bundle M
[3, Proposition 5.1].
By the three claims M has at most 3 rank 1 subsheaves of M with degree  k. The proof of
part (a) shows the existence of a vector bundle obtained from M making a positive Fq-elementary
transformations supported by P and almost stable over Fq .
(c) Here we ﬁx the integer r  2. We assume d > r(k + 1) and that Theorem 1 is true for the
ﬁxed rank r and all integers d′ such that rk < d′  r(k + 1). There is a unique integer m > 0 such that
rk < d − rm r(k + 1). Apply part (a) (case d − rm < r(k + 1)) or part (b) (case d − rm = r(k + 1)) to
the r pairwise non-isomorphic line bundles Li(mP ), 1  i  r. Note that parts (a), (b) and (c) prove
Theorem 1 for r = 2.
(d) Here we assume (r,d) = (3,3k + 2). Part (b) shows the existence of an almost stable (over Fq)
vector bundle B obtained from L1 ⊕ L2 making 2 positive Fq-elementary transformations supported
by P . Hence L3 ⊕ B is obtained from F making 2 positive Fq-elementary transformations supported
by P . Since B is almost stable, it has no rank 1 subsheaf of degree at least k + 1 deﬁned over Fq .
Hence L3 ⊕ B has no rank 1 subsheaf of degree at least k+ 1 deﬁned over Fq . Hence L3 ⊕ B is almost
stable over Fq .
(e) Here we assume (r,d) = (3,3k + 3). Part (b) gives the existence of a vector bundle B obtained
from L1 ⊕ L2 making 2 positive Fq-elementary transformations supported by P and almost stable
over Fq . Set A := B ⊕ L3. First assume h0(C, A ⊗ L∗3) = 0. This means that if R is any degree k line
subbundle of A, then either R is the factor L3 (not just isomorphic to L3) or it is contained in B .
Set W ′ := A|{P }. Thus there is v ∈ W ′(Fq) \ ((B|{P })(Fq) ∪ (L3|{P })(Fq)). The proof of part (a) gives
that vector bundle obtained by the positive Fq-elementary transformation associated to v is almost
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D is unique (even over Fq), because B is indecomposable [5, Lemma 2.1]. Hence any subsheaf of A
isomorphic to L3 is contained in the rank 2 subsheaf D⊕ L3 of A. Every degree k rank 1 subsheaf of A
is contained either in B or in D ⊕ L3. Hence there is w ∈ W ′(Fq) \ ((B|{P })(Fq) ∪ (D ⊕ L3|{P })(Fq)).
Take the positive Fq-elementary transformation associated to w .
(f) Here we assume r  4 and that Theorem 1 is true for r − 2 line bundles. Parts (a) and (c)
shows that to prove Theorem 1 for the rank r (and hence by induction on r conclude the proof of
Theorem 1), it is suﬃcient to prove all cases with rk + 2 d  rk + r. By the inductive assumptions
there are vector bundles B1, B2 on C , deﬁned over Fq , almost stable over Fq , with B1 obtained from
L1 ⊕ L2 making two Fq-positive elementary transformations supported by points of C(Fq), and B2 ob-
tained from
⊕r
i=3 Li making (d− 2− rk) Fq-positive elementary transformations supported by points
of C(Fq). Since d − rk − 2 (r − 2)(k + 1), Remark 1 shows that B1 ⊕ B2 is a solution for Theorem 1
for the integers r,d. 
Remark 2. In the proof of Theorem 1 we obtained E from
⊕r
i=1 Li making d − rk Fq-positive el-
ementary transformations supported by a point of C(Fq). Fix any integer z > 0. A dual construction
shows the existence of an almost stable vector bundle U obtained from
⊕r
i=1 Li making z Fq-negative
elementary transformations supported by a point of C(Fq).
Proof of Theorem 2. Fix r different points Pi ∈ C(Fq), 1  i  r. Apply Theorem 1 to the r pairwise
non-isomorphic (over Fq) line bundles L(Pi), 1 i  r. 
Example 1. Assume q odd and C(Fq) = ∅. Here we will construct a rank 2 vector bundle E on C
deﬁned over Fq such that E is almost stable over Fq , but its extension to Fq2 is not almost sta-
ble over Fq2 . Hence E is not almost stable over Fq . Let σ : Fq2 → Fq2 the order two automorphism
with Fq as its ﬁxed ﬁeld, i.e. set σ(x) = xq for all x ∈ Fq2 . Fix any β ∈ Fq2 \ Fq and set α := βq − β .
Hence α = 0 and αq = −α. Since C(Fq) = ∅, there is a natural bijection between Pic0(C)(Fq) (respec-
tively Pic0(C)(Fq2 )) and the set of all isomorphism classes over Fq of all degree 0 line bundles on C
which may be deﬁned over Fq (respectively Fq2 ). Since Pic
0(C) is a g-dimensional Abelian variety and
g > 0, Pic0(C)(Fq2 ) \Pic0(C)(Fq) = ∅. Alternatively, if C(Fq2 ) = C(Fq), then any point of C(Fq2 ) \ C(Fq)
gives an element of Pic0(C)(Fq2 ) \ Pic0(C)(Fq) = ∅. If q  g , then C(Fq2 ) = C(Fq) by the Hasse–Weil
inequalities [2, Theorem 9.18]. Take any degree 0 line bundle on C deﬁned over Fq2 , but not deﬁned
over Fq . Notice that σ ∗(L) is a degree 0 line bundle deﬁned over Fq2 . Set E := L ⊕ σ ∗(L). Since both
L and σ ∗(L) are deﬁned over Fq2 , E is deﬁned over Fq2 .
Claim. E is deﬁned over Fq.
Proof. Take an open covering {Ui}i∈I of C such that L is deﬁned by the regular functions gij : Ui ∩
U j → A1 \ {0} deﬁned over Fq2 and satisfying the cocycle condition gij g jk = gik at each point of Ui ∩
U j ∩ Uk . Hence E is deﬁned on the open covering {Ui}i∈I by the transition functions
hij :=
(
gij 0
0 gijq
)
. (1)
Set
A :=
(
1 α
−α−1 1
)
. (2)
Since det(A) = 2, the cocycle h′i j := A−1hij A on the open covering {Ui}i∈I gives a vector bundle iso-
morphic to E over Fq2 . Since all entries of the matrix-valued function
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(
gij + gijq α(gij − gijq)
−α−1(gij − gijq) gij + gijq
)
(3)
are deﬁned over Fq , E is deﬁned over Fq , concluding the proof of the claim. 
E is semistable over Fq2 or over any extension of Fq2 , because it is a direct sum of two line bundles
of the same degree. Let R be a rank 1 subsheaf of E deﬁned over Fq . If R is not isomorphic over Fq2 to
one of the two factors of EFq2 , then deg(R) < 0, because the factors of EFq2 are the only destabilizing
subsheaves of EFq2 . Since neither L nor σ
∗(L) is deﬁned over Fq , E is stable over Fq . Part (a) of the
proof of Theorem 1 shows that s1,Fq (F ) = s1(F ) = 1 for every vector bundle F obtained from F by
making a positive Fq-elementary transformation supported by P , and that there are exactly 2 vector
bundles F1, F2 deﬁned over Fq2 , obtained from E by making a positive Fq2 -elementary transformation
supported by P and with s1,Fq2 (Fi) = s1(Fi) = −1, i = 1,2.
3. 1-Order of stability
Proof of Theorem 3. Fix P ∈ C(Fq). Let A be a rank 1 subsheaf of E deﬁned over Fq and comput-
ing the integer s1,Fq (E). Since the saturation of A in E is deﬁned over Fq and deg(A) = s1,Fq (E),
A is saturated in E , i.e. E/A is locally free. In particular A is saturated at P , i.e. the natural in-
clusion A ↪→ E induces an injective Fq-linear map j : A|{P } → E|{P }. Thus the one-dimensional
linear subspace j(A|{P }) of E|{P } deﬁnes a positive Fq-elementary transformation. Let F be the
associated vector bundle. Hence E ↪→ F and F/G ∼= OP . By construction A is not saturated in F .
Hence its saturation A′ is isomorphic to A(P ). Hence F has a rank 1 subsheaf deﬁned over Fq
with degree deg(A) + 1 = (d − s)/r + 1. Let R be any rank 1 subsheaf of F deﬁned over Fq . Set
R ′ := R ∩ E . Either R = R ′ or R ′ ∼= R(−P ). Since deg(R ′) deg(A), we get that A′ computes s1,Fq (F ).
Thus s1,Fq (F ) = d+1−d+ s− r = s+1− r. To get G we take a negative Fq-elementary transformation
associated to an Fq-linear form on E|{P } vanishing on j(A|{P }). The latter condition is equivalent to
the fact that A∩G = G . Since every subsheaf of G is a subsheaf of E , we get that A computes s1,Fq (G).
Since deg(G) = deg(E) − 1, we get s1,Fq (G) = s − 1. 
We conclude with the following easy construction of almost stable vector bundles.
Proposition 2. Fix integers r, s,a,b, c such that r > 0, s > 0 and either c < min{a/r,b/s}max{a/r,b/s} <
c + 1 or c = a/r = b/s. Let E,G be vector bundles on C deﬁned over Fq, almost stable over Fq, and such that
deg(E) = a, deg(G) = b, rank(E) = r, and rank(G) = s. Then every extension F of G by E, i.e. any vector
bundle F ﬁtting in an exact sequence
0 → E → F u→ G → 0 (4)
deﬁned over Fq is almost stable over Fq.
Proof. Fix a maximal degree line subbundle L of F . If u(L) = 0, then deg(L) = deg(u(L)) 
deg1(G). If u(L) = 0, then L is contained in F and hence deg(L)  deg1(F ). Thus deg1(F ) 
max{deg1(G),deg1(E)}. Since deg1(F ), deg1(G), and deg1(E), are integers, in all cases we get
deg1(F ) < μ(F ). 
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